The operation of atomic clocks is generally carried out at room temperature, whereas the definition of the second refers to the clock transition in an atom at absolute zero. This implies that the clock transition frequency should be corrected in practice for the effect of finite temperature of which the leading contributor is the blackbody radiation (BBR) shift. In the present work, we used configuration interaction + coupled-cluster method to evaluate polarizabilities of the 6s 2 
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I. INTRODUCTION
Recent advances in atomic and optical physics have led to unprecedented improvements in the accuracy of optical frequency standards that are essential for many applications including measurements of the fundamental constants and search of their variation with time, testing of physics postulates, inertial navigation, magnetometry, tracking of deep-space probes, and others [1] . An optical clock with a record low fractional frequency uncertainty of 8.6 × 10 −18 , based on quantum logic spectroscopy of an Al + ion was demonstrated in 2010 [2] .
Any definition of the second should be based on a clock decoupled from its particular environment. Thermal fluctuations of the electromagnetic field, i.e. blackbody radiation (BBR), are pervasive and can only be suppressed by cooling the clock. The BBR at any non-zero temperature induces small shifts in atomic energy levels through the AC Stark effect. The operation of atomic clocks is generally carried out at room temperature and the clock transition frequency should be corrected in practice for the BBR shift. Experimental measurements of the BBR shifts are sufficiently difficult that no direct measurement has yet been reported for optical frequency standards. At room temperature, the BBR shift of a clock transition turns out to make one of the largest irreducible contributions to the uncertainty budget of optical atomic clocks [3] . The present status of the theoretical and experimental determinations of the BBR shifts in all frequency standards was recently reviewed in [3, 4] .
The BBR frequency shift of a clock transition can be related to the difference of the static electric-dipole polarizabilities between the two clock states [5] . Recent work [6] demonstrated that the polarizabilities of ground ns 2 1 S 0 and metastable nsnp 3 P 0 states are nearly equal to each other in B + , Al + , and In + , all of which are group IIIB ions. As a result, these three ions have anomalously small BBR shifts of the ns 2 1 S 0 − nsnp 3 P 0 clock transitions. The fractional BBR shifts for these ions are at least 10 times smaller than those of any other present or proposed optical frequency standards at the same temperature, and are less than 0.3% of the Sr clock shift.
Optical frequency standard based on 204 Tl + 6s 2 1 S 0 m F = 0 -6s6p 3 P 0 m F ′ = 0 transition was proposed in Ref. [7] . The radioactive isotope of 204 Tl has a half-life of 3.78 years, a spin of 2, and a very small magnetic moment of 0.0908 nuclear magnetons making it ideal object for very high-resolution laser spectroscopy [7] . Because of its small nuclear magnetic moment the natural linewidth of the clock transition in 204 Tl + is expected to be orders of magnitude smaller than estimated for stable Tl isotopes [7] . The BBR in this frequency standard have not been previously estimated. Since three group IIIB ions exhibit very small BBR shifts, it is very interesting to evaluate if this trend holds for much heavier Tl + . The BBR frequency shift of the clock transition can be related to the difference of the static electric-dipole polarizabilities between the clock states, ∆α 0 , by [5] 
where η is a small dynamic correction due to the frequency distribution and only the electric-dipole transition part of the contribution is considered. The M1 and E2 contributions have been estimated for Al + and found to be negligible [6] . Therefore, the calculation of the BBR shift reduces to accurate calculation of the static polar-izabilities of the clock states and dynamic correction η.
In this work, we evaluate polarizabilities of the 6s 2 1 S 0 and 6s6p 3 P 0 states in Tl + , corresponding BBR shift and its uncertainty. Dynamic correction to the BBR shift is evaluated and found negligible. We also calculate a number of electric-dipole matrix elements in Tl + for transitions between low-lying levels. We note that our calculation of all of these properties is independent on the particular isotope number well within the quoted level of precision. Therefore, all these results apply to any Tl + isotope.
II. METHOD
Correlation corrections between a few valence electrons can be accurately treated by the configuration interaction (CI) method. Since the valence-valence correlations are very large, the CI method provides better description of these correlations than the perturbative approaches. However, excitations of the core [1s 2 , ..., 5d 10 ] electrons can not be directly included in the CI approach due to enormous size of such problem. An elegant approach to the inclusion of the core-valence correlations within the CI framework was developed in [8] , where corevalence correlations were incorporated into the CI by constructing an effective Hamiltonian using the second-order many-body perturbation theory (CI+MBPT). Recently, we have developed the relativistic CI+all-order method [9] combining CI with coupled-cluster (CC) approach. This method, first suggested in [10] , was successfully applied to the calculation of divalent atom properties in Refs. [6, 9] . The coupled-cluster method used here is known to describe the core-core and core-valence correlations very well as demonstrated by its great success in predicting alkali-metal atom properties [11] . Therefore, combination of the CI and all-order coupled-cluster methods allows to account for all dominant correlations to all orders. To evaluate uncertainty of our results, we use all three of the approaches and compare the results of the CI, CI+MBPT, and CI+all-order calculations. We refer the reader to Refs. [6, 8, 9] for the description of the methods and outline only main points of the calculations below.
We start with solving Dirac-Fock (DF) equationŝ
where H 0 is the relativistic DF Hamiltonian [8, 9] and ψ c and ε c are single-electron wave functions and energies. The self-consistent calculations were performed for the [1s 2 , ..., 5d 10 ] closed core and the 6s, 7s, 6p, 7p, and 6d orbitals. We have constructed the B-spline basis set consisting of N = 35 orbitals for each of the s, p 1/2 , p 3/2 , ... partial waves up to l ≤ 5; core, 6s, 7s, 6p, 7p, and 6d orbitals were replaced by the exact DF functions for increased accuracy. The basis set is formed in a spherical cavity with radius 60 a.u. The CI space is effectively complete and includes 20sp and 21df g orbitals. All
MBPT and all-order terms were summed over the entire N = 35, l ≤ 5 basis set.
The multiparticle relativistic equation for three valence electrons is solved within the CI framework [12] to find the wave functions and the low-lying energy levels:
The effective Hamiltonian is defined as
where H FC is the Hamiltonian in the frozen-core approximation and the energy-dependent operator Σ(E) takes into account virtual core excitations. The Σ(E) part of the effective Hamiltonian is constructed using the secondorder perturbation theory in the CI+MBPT approach [8] and linearized coupled-cluster single-double method in the CI+all-order approach [9] . The Σ(E) = 0 in the pure CI calculation. Construction of the effective Hamiltonian in CI+MBPT and CI+all-order approximations is described in detail in Refs. [8, 9] .
III. RESULTS
Comparison of the energy levels (in cm −1 ) obtained in the CI, CI+MBPT, and CI+all-order approximations with experimental values [13, 14] is given in Table I . Corresponding relative differences of these three calculations with experiment are given in the last three columns in %. Two-electron binding energies are given in the first row of Table I , energies in other rows are counted from the ground state. We also observed significant, by a factor of 4 or better, improvement in the precision of the energy levels with CI+all-order method in comparison with the CI+MBPT one. For example, CI+MBPT value for the two-electron binding energy differs from experiment by 1.8%, while our all-order value differs from the experiment by only 0.4% (see line one of Table I ). The experimental value of the two-electron binding energy is obtained as the sum of the Tl + and Tl 2+ ionization limits given in [13] , 164765(5) cm −1 and 240600 cm −1 . Ref. [13] notes that the ionization limit for Tl 2+ , derived from the first 3 members of the 2 S series was shifted by 300 cm −1 to give effective quantum number for 5g 2 G that is nearly hydrogenic. Therefore, there is some uncertainty ( < ∼ 0.1%) associated with the two-electron binding energy in Tl + . We also compared the transition energies between the 6s6p 3 P 0 level and 4 levels relevant to the calculation of the 6s6p 3 P 0 polarizability. These values, calculated in the CI+all-order approximation are compared with experiment in Table II . We find that these transition energies are substantially more accurate than the energy levels counted from the ground state listed in Table I .
In the present calculation, the Tl + scalar polarizability α 0 is separated into a valence polarizability α v 0 , ionic core polarizability α c , and a small term α vc ( that modifies ionic core polarizability due to the presence of two [13, 14] and theoretical energy levels in cm −1 . Two-electron binding energies are given in the first row, energies in other rows are counted from the ground state. Results of the CI, CI+MBPT, and CI+all-order calculations are given in columns labeled CI, MBPT, and All. Corresponding relative differences of these three calculations with experiment are given in the last three columns in %.
State
Expt. CI MBPT All Differences (%) valence electrons. The ionic core polarizability is evaluated in the random-phase approximation (RPA), an approach that is expected to provide core values accurate to better than 5% [4] . We approximate the vc term by adding vc contributions from the individual electrons, i.e. α vc (6s 2 ) = 2α vc (6s), and α vc (6s6p) = α vc (6s) + α vc (6p). For consistency, this term is also calculated in RPA. We note that α vc contributions are small, but their contribution to the ∆α( 3 P 0 − 1 S 0 ) polarizability difference is significant, 15%, due to severe cancelation of the valence polarizabilities of these two states. The valence polarizability is determined by solving the inhomogeneous equation of perturbation theory in the valence space, which is approximated as
for a state v with the total angular momentum J and projection M [15] . The wave function Ψ(v, M ′ ), where M ′ = M + q, is composed of parts that have angular momenta of J ′ = J, J ±1 from which the scalar and tensor polarizability of the state |v, J, M can be determined [15] . The effective dipole operator D eff includes RPA corrections.
Unless stated otherwise, we use atomic units (a.u.) for all matrix elements and polarizabilities throughout this paper: the numerical values of the elementary charge, e, the reduced Planck constant,h = h/2π, and the electron mass, m e , are set equal to 1. The atomic unit for polarizability can be converted to SI units via
α (a.u.). The conversion coefficient is 4πǫ 0 a 3 0 /h in SI units and the Planck constant h is factored out in order to provide direct conversion into frequency units; a 0 is the Bohr radius and ǫ 0 is the electric constant.
While we do not use the sum-over-state approach in the calculation of the polarizabilities, it is useful to establish which levels give the dominant contributions. We evaluate several leading contributions to polarizabilities by combining our values of the E1 matrix elements and energies according to the sum-over-states formula for the valence polarizability [4] :
where J is the total angular momentum of state v, D is the electric dipole operator, and E i is the energy of the state i. The breakdown of the contributions to the 6s 2 1 S 0 and 6s6p 3 P 0 polarizabilities α 0 of Tl + in a.u. is given in Table III . Absolute values of the corresponding reduced electric-dipole matrix elements are listed in column labeled "D" in a 0 e. To demonstrate the size of the correlation corrections, we list valence results obtained in the CI, CI+MBPT, and CI+all-order approximations. The contribution of the other terms listed in the row "Other" is obtained by subtracting the sum of the contributions that are calculated separately from the total valence polarizability result obtained by the direct solution of the Eq. (2). With the exception of the last column labeled CI+all B , we use the theoretical energies obtained in the respective approximations. To obtain data listed in the last column, we combine CI+all-order E1 matrix elements and experimental energies. The polarizability of the ground state changes by 0.5% as expected from the accuracy of the 6s 2 1 S 0 −6s6p 1 P 1 transition energy listed in Table I . The polarizability of the excited 6s6p 3 P 0 state remains the same to four significant figures. Such remarkable agreement is due to excellent, 0.07%, accuracy 
The dominant contributions to the valence polarizabilities are listed separately with the corresponding E1 matrix elements given in columns labeled D. The remaining valence contribution is given in row Other. The contribution from the core and vc terms are given by αc and αvc, respectively. The dominant contributions to α0 listed in columns CI+all A and CI+all B are calculated with CI + all-order energies and NIST [13, 14] of the CI+all-order 6s6p 3 P 0 −6s7s 3 S 1 transition energy and opposite signs of the difference between CI+all-order 6s6p 3 P 0 −6s6d 3 D 1 and 6s6p 3 P 0 −6p 2 3 P 1 transition energies and experiment (see Table II ). We note that while the change in the ground state polarizability is only 0.5%, the corresponding change in the final polarizability difference ∆α( 3 P 0 − 1 S 0 ) is 5%. We have also calculated the dynamic correction η of both clock states. The total dynamic correction η in Eq. (1) is the difference of individual corrections, ∆η(
. The dynamic correction η of the state v is evaluated using the formula [5] , where y n = ω nv /T ; α 0 is the static dipole polarizability of the state v, and J the total angular momentum of the state v. We list the dominant contributions to η of the clock states calculated using CI+all-order E1 matrix elements and experimental energies in Table IV . The sum in the expression for η above converges very rapidly making all other contributions negligible. The values of η for the 6s 1 S 0 and 6s6p 3 P 0 state are almost equal, and their difference listed in the last row gives only 0.0016% contribution to the BBR shift.
IV. EVALUATION OF THE UNCERTAINTY AND CONCLUSION
We use Table III to evaluate the uncertainty to the BBR shift due to the core-valence correlation corrections by comparing the CI, CI+MBPT, and CI+all-order results for ∆α 0 ( 3 P 0 − 1 S 0 ) listed in the last row of Table III . The difference between the CI and CI+MBPT results is 23%, which is expected owing to poor agreement of CI energies with experiment. The difference between the CI+MBPT and CI+all-order results is only 3%. As we noted above, the use of the experimental energies changes CI+all-order value by 5%.
We studied the effect of the Breit interaction by repeating the CI+all-order calculation with the one-body part of the Breit interaction incorporated into the DF equations and construction of the basis set on the same footing with the Coulomb interaction. We find that the Breit interaction affects both 1 S 0 and 3 P 0 polarizabilities [6] . Polarizabilities α0 and their differences ∆α0 are given in a.u.; clock frequencies ν0 and the BBR shifts |∆νBBR| are given in Hz. Uncertainties in the values of ∆νBBR/ν0 are given in column labeled "Uncertainty". by approximately the same amount, −0.5%. As a result, the correction to the BBR shift due to the Breit interaction is negligible (0.6%) at the present level of accuracy.
To evaluate the uncertainty in the α vc contribution to the polarizability, we calculate this term in both DF and RPA approximations. The difference between these results is taken to be the uncertainty. We find that the uncertainty of the vc term contributes 2.4% to the uncertainty in the BBR shift. The ionic core polarizability α c is the same for both states and does not contribute to the BBR shift.
Based on the comparison of the CI, CI+MBPT, and CI+all-order data, estimated of the accuracy of the α vc terms, and estimated effect of the Breit interaction, we place an upper bound on the uncertainty of our ∆α 0 ( 3 P 0 − 1 S 0 ) polarizability difference and the corresponding BBR shift of Tl + at 10%. Our final result for the BBR shift of the 6s 2 1 S 0 − 6s6p 3 P 0 transition in Tl + is ∆ν BBR = −0.0157(16) Hz at 300 K. The corresponding relative BBR shift at 300 K is |∆ν BBR /ν 0 | = 1.1(1) × 10 −17 . Our final results are summarized in Table V 
